
Review 

●  Probability: likelihood of an event  
●  Each possible outcome can be assigned a 

probability 
●  If we plotted the probabilities they would 

follow some type a distribution 
●  Modeling the distribution is important for 

solving problems 
●  One of most important distributions is the 

normal distribution  



Normal Distribution 
●  Unimodal and symmetric, bell shaped curve, also called a 

Gaussian distribution 
●  The most important distribution for continuous data 
●  2 parameters describe the normal distribution: N(µ, σ) → 

Normal with mean µ and standard deviation σ 



Normal Distribution 
●  Many variables are nearly normal, but none are exactly 

normal 
●  Not perfect, but still useful for a variety of problems 
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Normal Distribution 

Normal distribution probability (NDP) models: 
● Describes many phenomena in nature 
● Describes other distributions reasonably well 
● The sampling distribution of the sample mean 

tends to normal even when the population 
distribution in nature is non-normal. 

● Provides a foundation for hypothesis testing 
of continuous variables, correlation, 
regression coefficients.   

 



Normal distributions with different 
parameters 



SAT scores are distributed nearly normally with mean 1500 and 
standard deviation 300. ACT scores are distributed nearly 
normally with mean 21 and standard deviation 5. A college 
admissions officer wants to determine which of the two 
applicants scored better on their standardized test with respect 
to the other test takers: Pam, who earned an 1800 on her SAT, 
or Jim, who scored a 24 on his ACT? 



Since we cannot just compare these two raw scores, we instead compare 
Z scores, how many standard deviations above or below the mean each 
observation is. 
●  Pam's score is (1800 - 1500) / 300 = 1 standard deviation above the 

mean. 
●  Jim's score is (24 - 21) / 5 = 0.6 standard deviations above the mean. 

Standardizing with Z scores 



These are called standardized scores, or Z scores. 
●  Z score of an observation is the number of standard 

deviations it falls above or below the mean. 

Z = (observation - mean) / SD 

● We can use Z scores to roughly identify which 
observations are more unusual than others 

 

●  Z scores are defined for distributions of any shape,  
●  Z scores can be used to calculate percentiles for normal 

distributions only 

Standardizing with Z scores (cont.) 



Percentiles 
●  Percentile is the percentage of observations that fall below a 

given data point.  
●  Graphically, percentile is the area below the probability 

distribution curve to the left of that observation. 



Finding the exact probability -- 
using the Z table 
Pam's score is (1800 - 1500) / 300 = Z score 1.00  



Finding the exact probability -- 
using the Z table 
Pam's score is (1800 - 1500) / 300 = Z score 1.00  



Finding the exact probability -- 
using the Z table 
Pam's score is (1800 - 1500) / 300 = Z score 1.00  

0.8413 
 



Pam score was better than 84.13% of SAT test takers 
 
 
 
 
 
 
 
 
 
 
 
What if we want to know the percentage of SAT test takers 
that scored higher than Pam? 
 

 1 - 0.8413 = 0.1587 or 15.87% 



Example 
At Heinz ketchup factory the amounts which go into bottles of ketchup are 
supposed to be normally distributed with mean 36 oz. and standard deviation 
0.11 oz. Once every 30 minutes a bottle is selected from the production line, 
and its contents are noted precisely. If the amount of ketchup in the bottle is 
below 35.8 oz. or above 36.2 oz., then the bottle fails the quality control 
inspection. What percent of bottles have less than 35.8 ounces of ketchup? 
●  Let X = amount of ketchup in a bottle: X ~ N(µ = 36, σ = 0.11) 



Finding the exact probability -- 
using the Z table 
(35.8 - 36) / 0.11= Z score -1.82  



Finding the exact probability -- 
using the Z table 
(35.8 - 36) / 0.11= Z score -1.82  



Finding the exact probability -- 
using the Z table 
(35.8 - 36) / 0.11= Z score -1.82  

0.0344 



We that 96.6% of bottle (1-3.4) are more than 35.8 oz., but 
in order to pass inspection bottles need to also be less than 
36.2 oz.   
 
What percent of bottles pass the quality control inspection 
(i.e. 35.8 oz. < x < 36.2 oz.)?  
 

Finding probabilities within an 
interval 



What percent of bottles pass the quality control inspection? 
 

Finding probabilities within an 
interval 



Practice 

At Heinz ketchup factory the amounts which go into 
bottles of ketchup are supposed to be normally 
distributed with mean 36 oz. and standard deviation 
0.11 oz. Between what two values will approximately 
68% of the bottles fall? 
 

a) 35.89 and 36.11 
b) 35.78 and 36.22 
c) 35.67 and 36.33 



Practice 

At Heinz ketchup factory the amounts which go into 
bottles of ketchup are supposed to be normally 
distributed with mean 36 oz. and standard deviation 
0.11 oz. Between what two values will approximately 
68% of the bottles fall? 
 

a) 35.89 and 36.11 
b) 35.78 and 36.22 
c) 35.67 and 36.33 
 

Approximately 68% of values fall within 1SD of mean 
36 + 0.11 = 35.89 and 36.11 



Mackowiak, Wasserman, and Levine (1992), A Critical Appraisal of 98.6 Degrees F, the Upper Limit of 
the Normal Body Temperature, and Other Legacies of Carl Reinhold August Wunderlick. 

Finding cutoff points 
Body temperatures of healthy humans are distributed nearly normally with 
mean 98.2oF and standard deviation 0.73oF. What is the cutoff for the lowest 
3% of human body temperatures? 
 

x = Z × SD+mean = −1.88×0.73( )+ 98.2 = 96.83o F



Practice 
Body temperatures of healthy humans are distributed nearly normally with 
mean 98.2oF and standard deviation 0.73oF. What is the cutoff for the highest 
10% of human body temperatures? 
(a) 97.3oF      (c) 99.4oF 
(b) 99.1oF      (d) 99.6oF 
 
 
 
 



Practice 
Body temperatures of healthy humans are distributed nearly normally with 
mean 98.2oF and standard deviation 0.73oF. What is the cutoff for the highest 
10% of human body temperatures? 
(a) 97.3oF      (c) 99.4oF 
(b) 99.1oF      (d) 99.6oF 
 
 
 
 



Empirical Rule 
For nearly normally distributed data, 
●  about 68% falls within 1 SD of the mean, 
●  about 95% falls within 2 SD of the mean, 
●  about 99.7% falls within 3 SD of the mean. 

It is possible for observations to fall 4, 5, or more standard deviations away from the 
mean, but these occurrences are very rare if the data are nearly normal. 
Values further than 2 SD away from the mean are considered extreme or unusual  



●  ~68% of students score between 1200 and 1800 on the SAT. 
●  ~95% of students score between 900 and 2100 on the SAT. 
●  ~$99.7% of students score between 600 and 2400 on the SAT. 

Describing variability using the 
Empirical Rule 
SAT scores are distributed nearly normally with mean 1500 and standard deviation 
300. 



●  68% of students score between 1201.673 and 1798.327 on the SAT. 
●  95% of students score between 911.882 and 2088.118 on the SAT. 
●  99.7% of students score between 609.582 and 2390.418 on the SAT. 

Describing variability using the 
Empirical Rule 
SAT scores are distributed nearly normally with mean 1500 and standard deviation 
300. 



Practice 

A census of persons recovering from lower-
extremity fractures find they work an average of 8 
hours per week, with a standard deviation of 2 
hours per week, while in the first 6 months of 
recovery. One year post-injury, these persons 
work an average of 12 hours per week, with a 
standard deviation of 3.5 hours per week. 



Practice 
1.  What proportion of persons work at least 10 hours 

per week during the first 6 months of recovery? 
2.  What proportion of persons work at least 10 hours 

per week one year post-recovery 
3.  What is the median number of hours worked during 

the first 6 months of recovery? 
4.  What is the 90th percentile in the number of hours 

worked per week for persons one year post-injury? 
5.  Between how many hours per week does 

approximately 68% of the persons work one year 
post-injury? 



Evaluating the 
normal distribution 
 

Slides developed by Mine Çetinkaya-Rundel of OpenIntro 
The slides may be copied, edited, and/or shared via the CC BY-SA license 
Some images may be included under fair use guidelines (educational purposes) 



Normal probability plot 
A histogram and normal probability plot of a sample of 100 
male heights. 
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Anatomy of a normal probability plot 
●  Data are plotted on the y-axis of a normal probability plot, 

and theoretical quantiles (following a normal distribution) 
on the x-axis. 

●  If there is a linear relationship in the plot, then the data 
follow a nearly normal distribution. 

●  Constructing a normal probability plot requires calculating 
percentiles and corresponding z-scores for each 
observation, which is tedious. Therefore we generally rely 
on software when making these plots. 



Below is a histogram and normal probability plot for moderate-
vigorous intensity physical activity. Do these data appear to 
follow a normal distribution? 

Why do the points on the normal probability have jumps? 

Practice 
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Right skew - Points bend up and to the 
left of the line. 
 
Left skew - Points bend down and to the 
right of the line. 
 
Short tails (narrower than the normal distribution) - 
Points follow an S shaped-curve. 
 
Long tails (wider than the normal distribution) - 
Points start below the line, bend to follow it, and 
end above it. 

Normal probability plot and 
skewness 




